Classical fields method for a relativistic interacting Bose gas by Witkowska, Emilia et al.
ar
X
iv
:0
81
2.
02
60
v1
  [
he
p-
th]
  1
 D
ec
 20
08
Classial elds method for a relativisti interating Bose gas
Emilia Witkowska
1
, Paweª Zi«
2, 3
and Mariusz Gajda
1, 4
1
Institute of Physis, Polish Aademy of Sienes, al.Lotników 32/46, 02-668 Warsaw, Poland
2
Institute for Theoretial Physis, Warsaw University, ul. Ho»a 69, 00-681 Warsaw, Poland
3
Soltan Institute for Nulear Studies, ul. Ho»a 69, 00-681 Warsaw, Poland
4
Faulty of Mathematis and Natural Sienes, College of Sienes, Cardinal's Stefan Wyszy«ski University,
ul. Dewajtis 5, 01-815 Warsaw, Poland
(Dated: November 2, 2018)
We formulate a lassial elds method for desription of relativisti interating bosoni partiles
at nonzero temperatures. The method relays on the assumption that at low temperatures the Bose
eld an be desribed by a -number funtion. We disuss a very important role of the ut-o
momentum whih divides the eld into dominant lassial part and a small quantum orretion.
We illustrate the method by studying a thermodynamis of relativisti Bose eld whih dynamis
is governed by the Klein-Gordon equation with λψ4 term responsible for interations.
PACS numbers: 03.65.Pm, 03.50.-z, 03.75.Nt.
I. INTRODUCTION
Ahievement of a Bose-Einstein ondensation in dilute
gases of alkali atoms initiated very extensive experimen-
tal and theoretial studies of these systems. In parti-
ular, a very important progress have been made in de-
sription of a Bose-Einstein ondensate at nonzero tem-
peratures. Various rigorous methods were developed to
study thermal properties of Bose-Einstein ondensates
[1℄. Unfortunately implementation of these methods is
very diult in realisti and physially interesting sit-
uations. Therefore other approximate approahes were
onsidered. These are: the lassial elds method based
on the Gross-Pitaevskii equation (or projeted Gross-
Pitaevskii equation) [2, 6℄, trunated Wigner method
[5℄, stohasti Gross-Pitaevskii equation [7℄ or two uid
approah based on oupled Gross-Pitaevskii and kineti
equations [8℄. In our opinion the methods based on the
lassial elds approximation are the most fruitful [9℄.
The lassial elds method is based on the observation
that a granular struture of the bosoni eld is totally
dominated by its wave harater at temperatures below
a ondensation point. The bosoni eld an be then de-
sribed by a single omplex funtion. This is the essential
simpliation. It is justied only in a region of param-
eters were quantum utuations are muh smaller than
thermal ones. Evidently, lassial elds method does not
take into aount spontaneous proesses or the eet of
quantum depletion. Advantage of the method is related
to its great simpliity. It allows for studying not only
thermal equilibrium properties but also nontrivial dy-
namis far from thermodynami equilibrium. It an be
relatively easy generalized to a system of many interat-
ing Bose elds. Moreover, the method allows for a diret
physial interpretation and deeper understanding of un-
derlying physis. The lassial elds method has been ap-
plied to desription of a variety of thermal eets suh as:
a shift of the ritial temperature due to interations [10℄,
dissipative dynamis of vortexes [11℄, fragmentation of
1D ondensates [12℄, rystallization of vortex latties [13℄,
deay of doubly quantized vortex [14℄, superuity [15℄,
dynamis of spinor ondensates [16℄, Kosterlitz-Thouless
transition in 2D systems [17℄, a phase oherene [18℄ or
distillation [19℄ of a Bose-Einstein ondensate.
Enouraged by the suess of the lassial elds
method we reformulate here this method in order to
desribe interating relativisti Bose gas. We illustrate
the method by studying thermodynamis of a relativisti
Bose eld desribing system of relativisti massive par-
tiles and antipartiles whose dynamis is governed by
the Klein-Gordon equation with λψ4 term responsible
for interations. In a ase of relativisti system we have
to deal with additional degrees of freedom  not only
the eld but also its momentum are dynamial variables.
Moreover, the total number of partiles or antipartiles
is not onserved. Only their dierene  the total harge
 is preserved during the evolution [20, 21℄. All these
dierenes must be taken into aount while formulating
the lassial elds method for relativisti ase.
The system of degenerate relativisti gas of bosons was
widely studied both in noninterating [22, 23, 24, 25, 26,
27℄ as well as in interating ases [28, 29, 30, 31, 32, 33℄.
Bose Einstein ondensation was predited for suh sys-
tems. The interating ase is muh more interesting as
some properties of the system an be drastially hanged
[34℄. In this ase the ondensation an be view as a
spontaneous symmetry breaking in the λψ4-theory [32℄.
The thermodynami properties of the relativisti Bose-
Einstein ondensate were studied using the path-integral
method [31, 32℄ and more reently using 2Π1/N expan-
sion [33℄ in the ontext of pion and kaon ondensation.
This method was used also for dynamial studies [35℄. In
fat a lassial approximation, very similar to the one we
want to introdue here, has been used already in studies
of relaxation and thermalization in ψ4 theory in 1+1 di-
mensions [36℄. It was found that the lassial approah
annot desribe this proesses aurately as the system
goes towards a lassial not a quantum equilibrium. In
our opinion this is beause the problem of dynamial se-
letion of the ut-o momentum was not treated with a
2proper are. The studies of the nonrelativisti systems
show its extremely important role [37℄. We will disuss
this issue in detail in Se. IV.
In this paper we formulate the lassial elds method
for the relativisti ψ4 theory in 3+1 dimensions. Unlike
in previously studied 1+1 ase [36℄ the system exhibits
a Bose-Einstein ondensation and partile and antiparti-
le spetra are dierent in the region of small momenta.
In order to extrat a partile aspet of the eld from
the lassial wave-like solution we rst study the system
analytially at zero temperature using Bogoliubov ap-
proximation [38℄, setion III. This enables us to identify
two types of quasipartiles, their energies and harges.
This is ruial for further implementation. Then in se-
tion IV we formulate the lassial elds method for the
relativisti system and illustrate its appliation to a uni-
form system of relativisti, harged Bose eld at a ther-
mal equilibrium. We show how to determine important
physial parameters, i.e. temperature, hemial poten-
tial or exitation energies. We stress a very important
role of an appropriate hoie of the ut-o momentum.
Finally in setion V, we show how the physial proper-
ties of the system vary with temperature. In partiular
we show that the system an be viewed as weakly inter-
ating gas of quasipartiles even very lose to the ritial
temperature. Our partiular results agree with the ones
of [30, 32, 33℄.
II. THE MODEL
We onsider a relativisti quantum Bose eld Ψˆ(r, t)
in a three dimensional ubi box of volume V = L3 with
periodi boundary onditions. We assume the standard
`λψ4' form of the interation term. Then the Lagrangian
of the system is Lˆ =
∫
d3r Lˆ with the Lagrangian density
of the form:
Lˆ = 1
2m
(
˙ˆ
Ψ
† ˙ˆ
Ψ−∇Ψˆ†∇Ψˆ−m2Ψˆ†Ψˆ− λ
2
Ψˆ†Ψˆ†ΨˆΨˆ
)
,
(1)
where ∇ is the three dimensional gradient, dot denotes
time derivative and m is a mass (m2 > 0). Our units are
desribed in [39℄. Momentum onjugated to the eld is:
Πˆ(r, t) =
1
2m
˙ˆ
Ψ
†
(r, t) . (2)
The eld and the momentum satisfy bosoni ommuta-
tion relation:[
Ψˆ(r, t), Πˆ(r′, t)
]
= 2im δ3(r− r′) , (3)
while other ommutators are equal to zero [20℄.
Corresponding Hamiltonian of the system is Hˆ =∫
d3r Hˆ with the Hamiltonian density:
Hˆ = 1
2m
(
(2m)2ΠˆΠˆ† +∇Ψˆ†∇Ψˆ
+ m2Ψˆ†Ψˆ +
λ
2
Ψˆ†Ψˆ†ΨˆΨˆ
)
. (4)
The eld evolves in time aording to the nonlinear Klein-
Gordon equation (NLKGE):
¨ˆ
Ψ = ∇2Ψˆ−m2Ψˆ− λΨˆ†ΨˆΨˆ . (5)
The Hamiltonian ommutes with the harge operator
Qˆ =
∫
d3r Qˆ, where the harge density Qˆ is dened as:
Qˆ = i
2m
(
Ψˆ†
˙ˆ
Ψ− Ψˆ ˙ˆΨ
†
)
. (6)
Therefore, the harge of the system is preserved in the
evolution. In this paper we onentrate on the situation
where the total harge is dierent than zero, hene with-
out any loss of generality we assume that the harge is
positive Qˆ > 0.
III. BOGOLIUBOV TRANSFORMATION
We assume that a Bose-Einstein ondensate is present
in the system and the lowest energy mode beomes
marosopially oupied. In suh a ase annihilation
and reation operators of this mode an be substituted
by -numbers. This is the famous Bogoliubov approxi-
mation [38℄. Within this assumption the eld operator
Ψˆ(r, t) takes the form:
Ψˆ(r, t) =
(
φ0 +
∑
k
Aˆ(k, t)eikr
)
e−iµt , (7)
where the lassial eld φ0 represents a ondensate, µ is a
positive energy and Aˆ(k, t) are Fourier omponents (with
wave-vetor k) of the eld operator Ψˆ(r, t).
A. Exitation energies
The next step of the Bogoliubov method relies on the
ondition that almost all partiles are in k = 0 mode.
This makes us to neglet all terms in the Hamiltonian
that desribe the interation of partiles outside the on-
densate with themselves, keeping only terms responsible
for interations of exited partiles with the ondensate.
Tehnially it means that only linear terms in Aˆ(k, t) are
kept in the nonlinear Klein-Gordon equation. By om-
paring terms with the same time dependene we get two
equations. The rst relates a value of µ to the ondensate
eld:
µ2 = m2 + λ|φ0|2 , (8)
while the seond determines dynamis of amplitudes
Aˆ(k, t):
¨ˆ
A(k, t) = 2iµ
˙ˆ
A(k, t) − LkAˆ(k, t) − λφ20Aˆ†(−k, t) , (9)
where Lk = k
2 + λ|φ0|2. The onjugated amplitude
Aˆ†(−k, t) satises analogial equation. Let us note that
3the hemial potential is larger than the bare mass so
the system is Bose ondensed [32℄ onsistently with our
assumption (7).
These two seond order equations have nontrivial so-
lutions if the orresponding determinant vanishes:
(ω2k − 2µωk − Lk)(ω2k + 2µωk − Lk) = (λ|φ0|2)2 . (10)
The above equation has two solutions (for every mode
k):
ω21 = k
2 + 2µ2 + λ|φ0|2 −
−
√
4k2µ2 + (2µ2 + λ|φ0|2)2 , (11)
and
ω22 = k
2 + 2µ2 + λ|φ0|2 +
+
√
4k2µ2 + (2µ2 + λ|φ0|2)2 . (12)
In a long wave-length limit (k→ 0) the frequeny ω1(k)
is:
ω1(k) ∼= kvs , (13)
where vs is a sound veloity:
vs =
( λ|φ0|2
2µ2 + λ|φ0|2
)1/2
. (14)
Evidently these are phonon-like exitations typial for
massless partiles. The linear harater of the spetrum
at small momenta is responsible for a superuity of the
system. In the long wave-length limit the seond solution
(12) has the form:
ω2(k) ∼=
(
k
2 µ
2
(2µ2 + λ|φ0|2)2 + 1
)√
2(2µ2 + λ|φ0|2) .
(15)
This dispersion relation is harateristi for massive par-
tiles. Let us notie that at zero momentum k = 0 we
have: ω1(0) = 0 and ω2(0) =
√
2(2µ2 + λ|φ0|2). In a
short wavelength limit (k → ∞) both branhes of the
dispersion relation are typial for relativisti noninter-
ating massive bosons:
ω1(k) =
√
k2 +m2eff − µ , (16)
ω2(k) =
√
k2 +m2eff + µ , (17)
where the eetive mass is m2eff = µ
2+λ|φ0|2. The only
role of interations is to modify a bare mass of partiles.
The same spetrum of energies ω1(k) and ω2(k) has
been found in [30℄ where the path-integral method were
used and in [33℄ within 2Π1/N expansion.
B. Eigenmodes
The results of the previous subsetion allow us to write
the operator Aˆ(k, t) in the form:
Aˆ(k, t) = aˆke
−iω1t + bˆke
iω1t + cˆke
−iω2t + dˆke
iω2t , (18)
where aˆk, bˆk, cˆk, dˆk are some operators and ω1, ω2 are
positive. Let us notie that terms proportional to aˆ0
and bˆ0 do not depend on time. Suh onstant terms are
already inluded in φ0. Therefore we have:
aˆ0 = 0 , (19)
bˆ0 = 0 . (20)
If Aˆ(k, t) satises equation (9) then the operators bˆk and
cˆk are:
bˆk = γ1(k) aˆ
†
−k, (21)
cˆk = γ2(k) dˆ
†
−k, (22)
where
γ1(k) =
λφ20
w21 − 2µω1 − Lk
, (23)
γ2(k) =
λφ20
w22 + 2µω2 − Lk
. (24)
Thus we have:
Aˆ(k, t) = aˆke
−iw1t+γ1aˆ
†
−ke
iw1t+ dˆke
iw2t+γ2dˆ
†
−ke
−iw2t .
(25)
Commutation relations (3) impose additional onstrains
on operators aˆk, dˆk. To explore this fat we introdue
saled operators αˆk and βˆk:
aˆk = fk αˆk ,
dˆk = gk βˆ
†
−k , (26)
where, at this stage, fk and gk are some arbitrary fun-
tions. Consistently with (19) f0 is equal to zero:
f0 = 0 . (27)
Aording to (3) we assume bosoni ommutation rela-
tions for the saled operators:
[αk, α
†
k′
] = δkk′ , (28)
[βk, β
†
k′
] = δkk′ , (29)
what allows to determine funtions fk, gk. In the mo-
mentum representation the eld operator takes the form:
Aˆ(0, t)e+iµt = g0
(
βˆ†0(t) + γ2(0)βˆ0(t)
)
, (30)
for k = 0, and Aˆ(k, t) = Aˆ1(k, t) + Aˆ
†
2(−k, t) with:
Aˆ1(k, t)e
+iµt = fk
(
αˆk(t) + γ1(k)αˆ
†
−k(t)
)
, (31)
Aˆ†2(−k, t)e+iµt = gk
(
βˆ†−k(t) + γ2(k)βˆk(t)
)
, (32)
for k 6= 0. In the above equations we used following
notation αˆk(t) = αˆke
−iω1(k)t
and βˆ†−k(t) = βˆ
†
−ke
+iω2(k)t
.
Funtions fk and gk are:
|fk|2 = zk
1− |γ1(k)|2 , (33)
|gk|2 = zk
1− |γ2(k)|2 , (34)
4where:
zk =
4mµ
ω22(k)− ω21(k)
. (35)
Funtions fk and gk are known up to some arbitrary
phase fators. In what follows we set the phases to zero.
Equations (31) and (32) dene the relativisti Bogoli-
ubov transformation. In the noninterating limit (λ→ 0)
operators αˆ†
k
and βˆ†
k
reate a bare (noninterating) par-
tile and antipartile respetively. In the presene of in-
terations the system onsists of two types of quasiparti-
les. The operator αˆ†
k
reates quasipartiles with energy
ω1(k) and the operator βˆ
†
k
reates quasipartiles with
energy ω2(k). The rst type of exitations are quasipar-
tiles whih in the small momentum limit are harater-
ized by the phonon-like dispersion relation. Exitations
of the seond type are typial relativisti massive parti-
les. These quasipartiles are mixtures of bare partiles
and bare antipartiles. Coeients γ1 and γ2 determine
an amount of this mixing.
C. Hamiltonian and harge
In the previous setions we have analyzed the equa-
tion of motion of the eld operator in the Bogoliubov
approximation. Here we want to approximate the Hamil-
tonian of the system using arguments of the Bogoliubov
method. Consistently we keep in the Hamiltonian terms
proportional to the nonzero value of the eld and terms
proportional to amplitudes Aˆk up to the seond order.
However, this approximated Hamiltonian does not on-
serve the eld's harge Q. In order to ontrol a mean
value of the harge we introdue the operator:
Fˆ = Hˆ − µ˜Qˆ , (36)
where µ˜ is a hemial potential and plays a role of the La-
grange multiplier. The Bogoliubov transformation (30)-
(32) brings the Hamiltonian to the diagonal form pro-
vided that the Lagrange multiplier µ˜ in (36) is equal to
the frequeny µ of the zero momentum omponent of the
eld (7):
Fˆ =
∑
k
[
ω1(k)
(
αˆ†
k
αˆk +
1
2
)
+ ω2(k)
(
βˆ†
k
βˆk +
1
2
)]
.
(37)
As we see µ is a hemial potential. In (37) we skipped
the irrelevant onstant term −λ/(4m)|φ0|4. The diago-
nal form of Fˆ shows again that we deal with the system
of noninterating quasipartiles. A number of the rst
quasipartiles with momentum k is obviously:
Nˆ1(k) = αˆ
†
k
αˆk , (38)
while the number of the seond type of quasipartiles has
the form:
Nˆ2(k) = βˆ
†
k
βˆk . (39)
The same approximations bring the total harge to the
form:
Qˆ ≃ µ
m
|φ0|2 + C +
∑
k
(
q1(k)Nˆ1(k) + q2(k)Nˆ2(k)
)
,
(40)
where
q1(k) =
2µ
ω1
Lk + ω
2
1
ω22 − ω21
, (41)
q2(k) = −2µ
ω2
Lk + ω
2
2
ω22 − ω21
, (42)
and
C =
∑
k
{
|fk|2|γ1|2
(
1 +
ω1(k)
µ
)
+
+ |gk|2|γ2|2
(
1− ω2(k)
µ
)}
. (43)
In obtaining equation (40) rapidly osillating terms have
been negleted. They will not ontribute to a value of the
harge averaged over time. Quasipartiles of both types
are arrying a denite harge (in terms of time averaged
quantities). It turns out that q1(k) is positive while q2(k)
is negative. In the limit of large k the harge of the rst
quasipartiles tends to q1 → 1 and the harge of the se-
ond quasipartiles tends to q2 → −1. Assuming thermal
Bose-Einstein distribution of both kind of quasipartiles
it is easy to hek that the sum in (40) onverges. The
quantity C in (40) is a quantum depletion. It gives the
amount of the harge missing from k = 0 mode in the
ground state of the many-body system. The quantum
depletion is proportional to λ|φ0|2/m2 whih is a small
parameter in the ase studied here [40℄. Thus at zero
temperature the whole harge is aumulated in k = 0
mode and a zero-momentum eld amplitude is:
|φ0|2 = 〈Qˆ〉m
µ
. (44)
Equations (44) and (8) determine values of the hemial
potential µ and the ondensate eld intensity |φ0|2. The
exitation spetrum and the time evolution of the eld
operator are determined uniquely.
IV. FORMULATION OF THE CLASSICAL
FIELDS METHOD
A. General onsiderations
While formulating the lassial elds method for rel-
ativisti bosons we follow the proedure developed for
nonrelativisti ase [9℄. We assume periodi boundary
onditions and then the natural modes of the system are
plane waves. Expansion of the eld operator Ψˆ and its
5momentum Πˆ in the basis of plane waves gives:
Ψˆ(r, t) =
∑
k
Ψˆ(k, t)eikr , (45)
Πˆ(r, t) =
∑
k
Πˆ(k, t)eikr , (46)
where k is restrited to the rst Brillouin zone and takes
values k = (2pi/L)n with ni = 0,±1,±2 . . . (i = x, y, z),
and L is a length of the ubi box. If a population of
a given mode is greater than its quantum utuations
it is legitimate to replae orresponding operators by -
numbers. In pratie even the mode whose oupation is
of the order of one an be treated as lassial. At zero
temperature it is only the zero momentum mode k = 0
whih fullls this ondition. The eld operator an be di-
vided into a large 'lassial' part and a small 'quantum'
orretions. This is the essene of the famous Bogoliubov
approximation [38℄. Evidently, at higher temperatures
many modes are marosopially populated. Hene, the
'lassial' part of the eld inludes not only the zero mo-
mentum omponent but also omponents of larger mo-
menta up to some value kmax. Oupations of remaining
modes are set to zero in the lowest order of approxima-
tion. Consistently, the eld operator Ψˆ and orrespond-
ing momentum Πˆ are approximated by:
Ψˆ(r, t)→ Ψ(r, t) =
∑
|k|≤kmax
Ψ(k, t)eikr , (47)
Πˆ(r, t)→ Π(r, t) =
∑
|k|≤kmax
Π(k, t)eikr , (48)
where Ψ and Π are -number funtions and kmax is a
ut-o momentum.
The omplex funtion Ψ(r, t) satises the same nonlin-
ear Klein-Gordon equation (5) as the eld operator. It is
onvenient to resale the eld in suh a way that its total
harge is equal to one, Ψ → √QΨ. After suh saling
the equation satised by the lassial eld is:
Ψ¨(r, t) = ∇2Ψ(r, t)−m2Ψ(r, t)− λQ|Ψ(r, t)|2Ψ(r, t) ,
(49)
and the eld Ψ(r, t) has the unit harge. Let us no-
tie that the harge Q and the interation strength λ
enter the dynamial equation through the produt Qλ
only. However, physial properties of the system at nite
temperature depend separately on Q and λ. These very
important issue will be disussed later.
A steady state evolution of the eld whose dynamis is
governed by Eq.(49) orresponds to a single realization of
the relativisti system at a thermal equilibrium. Based
on the ergodi hypothesis, time averages of physial ob-
servables with respet to the eld utuating around its
mean value orrespond to the miroannonial desrip-
tion. The only problem is to nd a steady state solu-
tion orresponding to a given energy (temperature) and
harge. Fortunately, due to the nonlinear term, all so-
lutions of Eq.(49) for a given energy and harge tend to
the same equilibrium state independently on the parti-
ular hoie of initial onditions. We heked this obser-
vation by solving numerially the dynamial equations
for dierent random hoie of the initial eld Ψ(r, 0) and
momentum Π(r, 0).
Let us note that beause a number of lassial modes is
restrited by the ut-o momentum the equation (49) is
dened on a well speied nite spatial grid Ngrid = N 3
and the ut-o momentum is kmax =
√
3piN/L. There-
fore, while solving Eq.(49) we have to hoose a number
of lassial modes rst. This number must depend on the
temperature (or the energy) of the system. However, the
value of ut-o an be preisely known a posteriori when
an equilibrium state is generated numerially and ther-
mal oupations are determined. Therefore, the hoie of
the ut-o momentum is based on a smart guess whih
is veried when the full analysis of solution is done.
The quantitative riterion for an optimal hoie of the
ut-o momentum is diretly related to the fundamental
assumption of the lassial elds method  a marosopi
oupation of modes. In order to determine oupation
of modes we have to be able to assign a unique value of a
number of partiles (whih does not have to be an inte-
ger) to every given amplitude of the k-momentum mode,
|Ψ(k)|2. In our approah the link between a eld ampli-
tude and a relative oupation of k-momentum mode fol-
lows diretly from the Bogoliubov approximation. There-
fore, the standard zero temperature Bogoliubov approah
beomes an inherent part of the lassial elds method.
Various studies of the optimal hoie of the ut-o mo-
mentum in the nonrelativisti theory [9, 37, 41℄ indiate
that a `eld intensity' (i.e. modulus square) of the high-
est momentum wave denes the unit whih orresponds
to a nonrelativisti single partile. This allows for de-
termination of all modes oupations provided that their
intensities are known. Moreover, as shown in [37℄ this
proedure allows for `quantization' of the lassial eld
and ensures that thermal partile distribution resembles
the Bose statistis. Suh quantization proedure we gen-
eralize to the relativisti ase.
Let us note that the dynamis an lead to states of mo-
menta larger than kmax beause of the nonlinear term. In
some implementations of the method a projetion oper-
ator in spae oordinates is introdued. This operator is
applied at every time step to ensure that only projeted
part of the eld is onsidered [10℄. In our implemen-
tation, in order to restrit dynamis to lassial modes,
|k| < kmax, all momenta are restrited to the rst Bril-
louin zone automatially due to periodi boundary on-
ditions and usage of the Fast Fourier Transform method
for time propagation.
All these general onsiderations will be elaborated in
details in the next subsetion where we study a thermal
equilibrium of the relativisti massive harged Bose eld.
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FIG. 1: (Color online) Spetrum of amplitudes. The blak
solid lines refer to the numerial simulations, dashed lines re-
fer to the peaks' positions given by the Bogoliubov-Popov like
formulas (see text for explanation). For the zero momentum
mode the position of the highest peak is µ(T ) while its am-
plitude is |φ0(T )|2. The left peak orresponds to ω−2 (0) (left
dashed blue line), and the right peak to ω+2 (0) (right dashed
blue line). Notation for the others peaks (k 6= 0) is the follow-
ing: ω−1 (k)  red left line, ω
+
1 (k)  red right line, and ω
−
2 (k)
 blue left line, and ω+2 (k)  blue right line. Parameters are:
mass m = 60, λQ = 900, energy E = 75 and the number of
grid points N 3 = 163.
B. Numerial implementation
Starting from a random initial ondition we evolve the
lassial eld aording to Eq.(49). The rst important
observation is that after some time the eld reahes a
steady state: amplitudes of dierent momenta modes
utuate around some mean values. Then we look into
details of the equilibrium state by analyzing the spetrum
of amplitudes:
G(k, ω) = |Ψ(k, ω)|2 , (50)
where
Ψ(k, ω) =
∑
r
eik r
∑
t
e−iωtΨ(x, t) . (51)
Notie, the spetrumG(k, ω) is proportional to the Green
funtion [42℄.
In Fig. 1 we plot spetrum of amplitudes (50) for
several values of momentum k. In order to show `ne
struture details' we use the logarithmi sale. Posi-
tions of harateristi peaks (`singularities') marked by
the vertial dashed lines orrespond to exitation ener-
gies of quasipartiles. A width of eah peak results from
quasipartiles interations and is related to a nite life-
time of a quasipartile in a given mode. For the zero
momentum mode (k = 0) one an observe three distint
peaks in the spetrum. The amplitude of the entral one
dominates. The averaged position of the highest peak we
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FIG. 2: (Color online) Exitation energy of quasipartiles.
Points refer to peaks' positions alulated numerially aord-
ing to (52). Lines refer to the Bogoliubov-Popov like formulas
(see text for explanation). (i) empty irles (upper dashed red
line) ω+1 (k), (ii) full irles (lower red line) ω
−
1 (k), (iii) empty
box (upper dashed blue line) ω+2 (k) and (iv) full box (lower
blue line) ω−2 (k). Parameters are the same as in gure 1.
denote by µ(T ) (red dashed line), and will refer to it as
to a hemial potential. The amplitude of this peak an
be assoiated with |φ0(T )|2. Positions of the other two
peaks are: ω+2 (0) = µ(T ) +ω2(0) (right dashed line) and
ω−2 (0) = µ(T ) − ω2(0) (left dashed line). The spetrum
of k 6= 0 mode is omposed of four peaks. Positions of
these peaks are symmetri with respet to µ(T ). In gen-
eral harateristi frequenies visible in the spetrum an
be divided into two branhes: 1) ω±1 (k) = µ(T )± ω1(k)
, and 2) ω±2 (k) = µ(T )± ω2(k).
Central frequenies of peaks we alulated as follows:
ω(k) =
∑
ω∈S ω |Ψ(k, ω)|2∑
ω∈S |Ψ(k, ω)|2
, (52)
where S is a frequeny range dened by the width of the
peak. In Fig. 2 we show results of numerial simulations
(marked by irles and squares) and formulas (11) and
(12) with µ(T ) and |φ0(T )|2 being determined numer-
ially from the evolution of the k = 0 mode (marked
by lines). In the nonrelativisti theory this modia-
tion of the zero temperature spetrum is known as the
Bogoliubov-Popov relation (BP) [44℄. We notie perfet
agreement between numerial results and the BP-like for-
mulas. Let us notie that the rst type of exitations
ω1(k) (red lines) is haraterized by a linear dispersion
relation for small |k|. Exitations of the seond type,
ω2(k), (blue lines) have partile like quadrati dispersion
in the small |k| region.
If we neglet peak's width then the stationary state of
the eld in the momentum spae an be approximated
by:
Ψ(k, t)e+iµt = A+1 (k)e−iω1(k)t +A−1 (k)eiω1(k)t
+ A+2 (k)e−iω2(k)t +A−2 (k)eiω2(k)t ,(53)
7with amplitudes A±1,2(k) alulated aording to:
|A±1,2(k)|2 =
∑
ω∈S
|Ψ(k, ω±1,2)|2 , (54)
where we sum over all frequenies within a range of peaks
entered at ω±1,2. The form (53) is similar to the one given
by the Bogoliubov transformation, Eqs. (31) and (32).
In order to determine a number of quasipartiles in
every mode we assume that they are related to ampli-
tudes of the lassial eld Eq.(54) through the Bogoli-
ubov transformation. Using formulas (31) and (32) we
get the following expression for a number of quasiparti-
les of the rst type:
n1(k) ≡ N1(k)
Q
=
|A+1 (k)|2
|fk|2 , (55)
and the seond type:
n2(k) ≡ N2(k)
Q
=
|A−2 (k)|2
|gk|2 . (56)
Aording to the denitions Eqs.(33-34) the oeients
fk and gk depend on the hemial potential and the on-
densate amplitude at zero temperature. However, at
nonzero temperatures we shall use the nite tempera-
tures values of µ(T ) and |φ0(T )|2 obtained numerially
from the spetrum of k = 0 mode. This is a very impor-
tant assumption of our approah whih determines the
link between number of partiles and the lassial eld
amplitudes. When the temperature is very low the as-
sumption is quite obvious as it is based on the Bogoliubov
approximation. For higher temperatures this assumption
is a postulate borrowed from the nonrelativisti imple-
mentation of the lassial elds method. As we will show
below, this way of obtaining a number of quasipartiles
leads to equipartition of energy whih is typial for a
thermal equilibrium of a lassial system.
Therefore, the relative energy (normalized to the to-
tal harge) aumulated in a given momentum mode is
obviously:
ε1(k) = ω1(k)n1(k) , (57)
for the rst kind of quasipartiles, and:
ε2(k) = ω2(k)n2(k) , (58)
for the seond kind. These relative energies ε1(k) and
ε2(k) are shown in gure 3 as a funtion of momentum
k. The energies were averaged over all diretions of the
wave-vetor k and error bars represent utuations of
the relative energy distribution for various diretions of
momentum. The main observation is that the averaged
energy per mode is onstant. Moreover, it is the same for
both type of quasipartiles ε1(k) ≃ ε2(k). This proves
the equipartition of energy in the system  the major
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FIG. 3: Equipartition relation for the rst (full irles) and for
the seond (empty irles) type of quasipartiles. Error bars
refer to utuations of relative energy aumulated in modes
with k = |k|. The parameters are: Q = 1.25 × 105Ncut,
T = 47.5Ncut, m = 60, λQ = 900, E = 75 and N 3 = 163.
property of a thermal equilibrium state of a lassial sys-
tem. The relative energy per mode is related to the saled
temperature T˜ (beause we saled the eld):
〈ε1〉 ≃ 〈ε2〉 ≃ T˜ = T/Q, (59)
where 〈ε1,2〉 orresponds to the energy per mode averaged
over all momenta. The saled temperature is T˜ = 3.8 ×
10−4 [45℄ for parameters of the simulation presented in
gure 3.
Having determined the saled temperature we an nd
its absolute value T if the total harge of the system is
known. To determine the harge we use the ondition of
marosopi oupation of all lassial modes. Aording
to the previous study this an be done by requiring that
the oupation of the highest momentum mode:
Ncut ≡ N1(kmax) = Qn1(kmax), (60)
is of the order of one Ncut ≃ 1. This onditions assures
that the oupation of every other mode onsidered in
the evolution (k < kmax) is evidently marosopi. Eval-
uated numerially averaged relative oupations of the
highest momentum mode for both type of quasipartiles
are almost the same n1(kmax) ≃ n2(kmax). For the ase
studied in this setion n1,2(kmax) ∼= 8 × 10−6. Thus the
eld's harge is equal to Q = Ncut/n1,2(kmax) = 1.25 ×
105Ncut what gives the temperature T = QT˜ = 47.5Ncut
and the nonlinearity oeient equal to λ = 900/Q =
0.0072/Ncut.
Notie that in the lassial elds method the absolute
temperature T and the total harge Q depend on the
value of the population at the ut-o momentum. Ar-
guments leading to the formulation of the lassial elds
method limit a value of Ncut to the number of the order
of one. In the nonrelativisti ase omparison with the
ideal gas suggests that Ncut ∼ 0.7 [37, 41℄.
8C. A hoie of the ut-o parameter
The last issue we want to address here is the hoie
of the value of the population at the ut-o momentum
Ncut. In the nonrelativisti ase there is no rigorous way
for hoosing the ut-o parameter. Therefore, some as-
sumptions for estimation of the value ofNcut are in usage.
Thus, the value of Ncut is determined by assuming that
the ritial temperature alulated within the lassial
elds method is equal to those of the ideal gas [41℄. This
assumption seems reasonable in the relativisti ase.
The ritial temperature an be determined from the
analysis of the harge Q0 assembled in the zero momen-
tum mode. This quantity is shown in Fig. 4. Points
refer to the lassial elds results while lines represent
the best t. A signiant fration of the harge aumu-
lates in the zero momentum mode below T ∼ 160Ncut
and tends to one at T = 0. Let us notie that in a
nite system, as onsidered here, there is no phase tran-
sition. The harge aumulated in the zero momentum
omponent of the eld does not vanish at any nite tem-
perature. It rapidly dereases and at some harateristi
temperature a urvature of the funtion Q0(T ) hanges
sign and the harge slowly goes to zero when the tem-
perature tends to innity. This feature an be used to
dene a harateristi temperature. In the nonrelativisti
ase (dilute gas) this harateristi temperature beomes
the ritial temperature in the thermodynami limit [46℄.
Unfortunately the lassial elds methods annot be ap-
plied above transition temperature (no marosopially
oupied modes exist) and we annot explore the region
of slow deay of the harge aumulated in a zero momen-
tum eld. Therefore we an estimate the harateristi
temperature by tting a funtion to the numerial points
what gives: Tc ≃ 179Ncut. The ritial temperature of
the ideal gas is given by T 0c = (3Q/m)
1/2
, [25℄. Thus by
omparing values of Tc and T
0
c we obtain Ncut ≃ 0.2 for
the studied parameters.
Determination of the harateristi transition temper-
ature is not unique for the nite system as onsidered
here. Another possibility is based on the analysis of the
utuations δQ0 = (〈Q20〉 − 〈Q0〉2)1/2 of the harge in
the zero momentum mode. In Fig. 5 we show utua-
tions of the harge δQ0 versus temperature T . The u-
tuations inrease monotonially with the temperature,
reah a maximum, and then rapidly fall to a very small
values. The harateristi transition temperature an be
dened as the temperature orresponding to the max-
imum of utuations of the harge Q0. Aording to
this denition the harateristi transition temperature
is T0 ∼ 150Ncut. The temperature T0 is smaller than
Tc (thus the value of Ncut annot be treated as the uni-
versal number). This dierene results from nite size
of the system. We expet that in the thermodynami
limit both these temperatures beome equal as it is in
the nonrelativisti ase [46℄.
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FIG. 4: Charge aumulated in the zero momentum mode
Q0/Q. Points refer to the numerial simulations while line
represent the best tted funtion. Parameters of the simu-
lations are: m = 60, Qλ = 900, Q = 1.25 × 105Ncut, total
energy and number of grid points are respetively (from the
lowest temperature): E = 65, N 3 = 103; E = 67, N 3 = 123;
E = 75, N 3 = 163; E = 96, N 3 = 203; E = 200, N 3 = 303;
E = 360, N 3 = 363; E = 496, N 3 = 403.
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FIG. 5: Flutuations of the harge in the zero momentum
mode δQ0/Q as a funtion of the temperature. Points refer
to the numerial simulations while the line is plotted just
to guide an eye and estimate a position of the maximum.
Parameters of the simulations are the same as in gure 4.
V. QUASIPARTICLES AT NONZERO
TEMPERATURE
Interations hange a harater of elementary exita-
tions in the system. The rst quasipartiles in the small
momentum limit are phonons and therefore their nature
is dierent from relativisti massive partiles. For the
quasipartiles of the seond kind the role of interations
is to eetively modify a bare mass. Within the lassial
elds method we an investigate how both the intera-
tions and the temperature aet the physial proprties of
the system. To this aim, we will use Bogoliubov-Popov
like relations: Bogoliubov formulas determined in the se-
tion III with temperature dependent hemial potential
µ(T ) and ondensate amplitude |φ0(T )|2. This two last
quantities are ruial for the whole analysis. In Fig. 6 we
show µ(T ) and |φ0(T )|2 alulated numerially (points)
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FIG. 6: (a) Chemial potential µ/m and (b) ondensate am-
plitude |φ0|2/Q. Points refer to the numerial simulations.
Solid lines are Eq.(61) for the hemial potential, and Eq.(62)
for the ondensate eld intensity. Parameters of the simula-
tions are the same as in gure 4.
and we ompare them to the results of other authors
[32, 33℄ (lines). The value of the hemial potential µ
inreases with the temperature as it is predited by [32℄:
µ(T ) =
√
µ2 +
λ
3
(
T
m
)2
, (61)
where the zero temperature hemial potential µ results
from the Bogoliubov approximation (mass m in denom-
inator results from our denition of the harge (6)). On
the other hand ondensate amplitude |φ0(T )|2 dereases
with the temperature in the way given by the formula
[33℄:
|φ0(T )|2
Q
=
|φ0|2
Q
−
(
T
Tc
)2
, (62)
where |φ0|2 is the Bogoliubov approah result. We ob-
served quantitative agreement between the lassial elds
method and preditions of [32℄ and [33℄. Having deter-
mined µ(T ) and |φ0(T )|2 in the whole range of interesting
temperatures we an look for thermal properties of the
system. We onentrate on four quantities: the exita-
tion energy spetra, deay rates, mixing parameters and
harges of quasipartiles.
First, in Fig. 7 we show exitation spetra ω1(k) and
ω2(k) for two dierent temperatures. Points refer to las-
sial elds results and lines are: Bogoliubov (solid) and
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FIG. 7: (Color online) Exitation energy ω1(k) and ω2(k) as
a funtion of momentum k = |k|. Blue points refer to the
numerial simulations for E1 = 75, T1 = 47.5Ncut, and the
number of spatial grid points N 3 = 163; red points refer to
the numerial results with E2 = 500, T2 = 163.0Ncut, and the
number of grids points N 3 = 403. Solid line orresponds to
the Bogoliubov approximation (marked by BG), and dashed
line to the Bogoliubov-Popov like formulas.
Bogoliubov-Popov like (dashed) formulas. For the lower
temperature, T1, all results are very lose to eah other.
The phonon branh in the rst type of quasipartiles ex-
itation spetrum is learly visible. For the higher tem-
perature, T2, the phonon branh pratially disappears
beause the sound veloity signiantly dereases. These
features are well known in the nonrelativisti limit [3℄.
The exitation spetrum of the seond type of quasipar-
tiles does not have any visible linear part at long wave-
length. The nite lifetime of exitations are determined
by deay rates of quasipartiles. They are related to the
width of the peaks in the exitation spetrum (see Fig.
1). The nite width indiates a nite lifetime of quasipar-
tiles and signies a weak residual interations between
quasipartiles. The peak width an be estimated by:
Γ1, 2(k) = 0.5
√
〈ω21, 2(k)〉 − 〈ω1, 2(k)〉2 (63)
where 〈·〉 represents averaging over frequenies within a
peak area, ompare Eq.(52). In Fig. 8 we show deay
rates of the rst, Γ1, and the seond, Γ2, type of quasi-
partiles as funtions of k. One an see that in the ase of
the rst type of quasipartiles deay rates are inreasing
in the small momenta region where the dispersion rela-
tion is linear. The deay rates weakly depend on momen-
tum for large k. This weak dependene is harateristi
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FIG. 8: (Color online) Deay rates as a funtion of momen-
tum: Γ1(k) for the rst type of quasipartiles and Γ2(k) for
the seond quasipartiles. Lines are added to guide the eye.
Numerial simulations results for two dierent temperatures:
T1 = 47.5Ncut, E1 = 75 and N 3 = 163 and T2 = 163.0Ncut,
E2 = 500 and N 3 = 403.
for the seond type of quasipartiles in the whole mo-
menta range. Moreover, the deay rates of the rst type
of quasipartiles are muh smaller than the deay rates
of the quasipartiles of the seond type. In addition, the
deay rates of both quasipartiles types inrease with the
temperature.
The relativisti Bogoliubov transformation diagonaliz-
ing approximated Hamiltonian `mixes' partile's reation
and annihilation operators: annihilation operator of a
quasipartile is a superposition of annihilation operator
of a bare partile with momentum k and reation opera-
tor of a bare partile with momentum −k. The amount
of this mixing is given by the parameter γ1(k) for the rst
type of quasipartiles, and γ2(k) for the seond type. The
oeients of the relativisti Bogoliubov transformation
an be alulated numerially in the following way:
γ1(k) =
|A−1 (k)|
|A+1 (k)|
, (64)
γ2(k) =
|A+2 (k)|
|A−2 (k)|
, (65)
where A±1 2 are amplitudes dened in (53). On the other
hand they an be alulated from the Bogoliubov-Popov
formulas (23), (24). In Fig. 9 we show γ1 and γ2. Points
refer to results averaged over angles of the momentum k
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FIG. 9: (Color online) Coeients γ1(k) and γ2(k) of the Bo-
goliubov transformation (23) and (24) as a funtion of k = |k|.
Points refer to numerial simulations results for two dierent
temperatures: T1 = 47.5Ncut, E1 = 75 and N 3 = 163 (blue);
and T2 = 163.0Ncut, E2 = 500 and N 3 = 403 (red). Solid
line (BG) refers to the Bogoliubov approximation and dashed
line to the Bogoliubov-Popov like formulas (BP).
for two dierent temperatures: T1 = 47.5Ncut marked by
blue, and T2 = 163.0Ncut marked by red. The solid line is
the result of the Bogoliubov proedure while dashing line
orresponds to the Bogoliubov-Popov like relations. The
results show that in the linear dispersion regime (phonon
spetrum) the value of oeient γ1 is lose to one. The
exitations have a quasipartile harater. In a region of
large momenta γ1 is small and quasipartiles are equiv-
alent to bare partiles. For the exitations of the seond
kind γ2 is very small for all momenta and dereases with
inreasing temperature. This indiates that distintion
between the seond quasipartile types and bare antipar-
tiles is pratially meaningless for the values of param-
eters studied here.
Finally, let us look for eetive harge q1(k) and q2(k)
of quasipartiles. In Fig. 10 we show these eetive
harges as funtions of momentum k. All quasiparti-
les of the seond type have pratially the same harge
q1(k) ≃ −1 independently on the value of the tempera-
ture or momentum. The same harge is arried by an an-
tipartile in the noninterating (λ = 0) ase [20℄. On the
other hand the harge q1(k) arried by a single quasipar-
tile of the rst type strongly depends on its momentum.
It is greater than one q1 > 1 for the phonon-like quasipar-
tiles while it is equal to one for the quasipartiles with
large momentum. Highly exited quasipartiles of the rst
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FIG. 10: (Color online) Eetive harges of the rst quasi-
partile types q1(k) and the seond quasipartile types q2(k)
for temperatures: 1) T1 = 47.5Ncut (blue points) and 2)
T2 = 163.0Ncut (red points). Points refer to equations (41),
(42) with values of ω1, ω2, µ and |φ0|2 determined numeri-
ally, dashed lines orrespond to the Bogoliubov-Popov like
formulas, and solid line refers to the Bogoliubov result.
type have the same harge as partiles in the noninter-
ating ase. Our simulations show that the quasipartile
harges dereases with inreasing temperature.
VI. SUMMARY
In this paper we presented the lassial elds method
for desription of a relativisti interating Bose gas at
thermal equilibrium. First, we studied the system at
zero temperature using Bogoliubov method. We iden-
tied two quasipartiles types. Then we formulated the
lassial elds method. We postulated that the lassial
eld has a struture of the Bogoliubov transformation.
This allows us to relate k-momentum amplitude to the
oupation number of the k-mode. By showing equiparti-
tion of energy and the struture of the mixing parameters
γ1, 2 we veried positively our postulate. In addition, we
disussed some tehnial details important for the or-
ret implementation of the method. The lassial elds
method is an approximate one, similarly to the others,
and allows for qualitative but nonperturbative study of
thermal properties of the system. In the ase of the rel-
ativisti interating Bose gas, the lassial elds simula-
tions show that the system forms a weakly interating
gas of two quasipartiles types not only at zero but in
the whole range of temperatures.
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